In this paper, we establish the existence of absolute fixed points of normally 2-generalized hybrid mappings in a Hilbert space. We also prove some fixed point theorems in a Hilbert space.
INTRODUCTION
Throughout this paper, we denote a real Hilbert space by H, and its inner product and norm by ·, · and · , respectively. Let C be a nonempty subset of H. A mapping T : C → H is said to be nonexpansive if T x − Ty ≤ x − y for all x, y ∈ C. For a mapping T : C → H, we denote by F(T ) the set of fixed points of T and by A(T ) the set of attractive points [15] of T , i.e., Takahashi and Yao [5] introduced a broader class of nonlinear mappings than the class of λ -hybrid mappings in a Hilbert space. A mapping T : C → E is said to be generalized hybrid [5] if there are real numbers α, β such that
for all x, y ∈ C.
Maruyama, Takahashi and Yao [9] introduced a broad class of nonlinear mappings called 2-generalized hybrid which contains generalized hybrid mappings in a Hilbert space.
Let C be a nonempty subset of H. A mapping T : C → C is said to be 2-generalized hybrid [9] if there exist real numbers α 1 , β 1 , α 2 , β 2 such that
Kondo and Takahashi [8] introduced the following class of nonlinear mappings which covers 2generalized hybrid mappings in a Hilbert space. A mapping T : C → C is said to be normally 2generalized hybrid [8] if there exist real numbers α 0 , β 0 ,
for all x, y ∈ C. We call such a mapping T an (α 0 , β 0 , α 1 , β 1 , α 2 , β 2 )-normally 2-generalized hybrid mapping. We know that the class of (1 − α, −(1 − β ), α, −β , 0, 0)-normally 2-generalized hybrid mappings is the class of generalized hybrid mappings. Kondo and Takahashi [8] proved attractive point theorems, fixed point theorems and convergence theorems for the mappings. On the other hand, Djafari Rouhani [10] introduced the concept of absolute fixed points for nonexpansive mappings. He studied an extension of nonexpansive mappings and established the existence of absolute fixed points of nonexpansive mappings. He established the existence of absolute fixed points of hybrid mappings and some fixed point theorems (see [11] ). He also established the existence of absolute fixed points of generalized hybrid mappings and some fixed point theorems (see [12] ).
In this paper, motivated by Kondo and Takahashi [8] and Djafari Rouhani [10, 11, 12] , we establish the existence of absolute fixed points of normally 2-generalized hybrid mappings in a Hilbert space. We also prove some fixed point theorems in a Hilbert space.
PRELIMINARIES AND NOTATIONS
Throughout this paper, we denote by N and Z + the set of all positive integers and the set of all nonnegative integers, respectively. We also denote by R and R + the set of all real numbers and the set of all nonnegative real numbers, respectively. We know from [13] the following basic equality and inequality. For x, y ∈ H and λ ∈ R, we have
Furthermore, we obtain that
for all x, y, z, w ∈ H. In fact, we have
We obtain that, for all x, y, w ∈ H,
In fact, we have
Let C be a nonempty closed and convex subset of H. For every point x ∈ H, there exists a unique nearest point in C, denoted by P C x, such that
x − P C x ≤ x − y for all y ∈ C. The mapping P C is called the metric projection of H onto C. It is characterized by
for all y ∈ C; see [13] for more details.
The following result is well-known; see [13] .
Theorem 2.1. Let C be a nonempty, bounded, closed and convex subset of H and let T be a nonexpansive mapping of C into itself. Then, F(T ) = / 0.
We write x n → x (or lim n→∞ x n = x) to indicate that the sequence {x n } of vectors in H converges strongly to x. We also write x n x (or w-lim n→∞ x n = x) to indicate that the sequence {x n } of vectors in H converges weakly to x. In a Hilbert space, it is well known that x n x and x n → x imply x n → x.
Let {x n } be a sequence in H. We use the following notations:
). Let {x n } be a sequence in H. Then, F 1 and F are closed and convex subsets of H.
Let C be a nonempty subset C of a Hilbert space H and let T be a mapping of a nonempty subset from C to H. We denote by A(T ) the set of attractive points of T , i.e.,
The concept of attractive points was introduced by Takahashi and Takeuchi [15] .
Let x ∈ C. If {x n } = {T n x}, then A(T ) ⊂ F 1 (see also [11, 12] ).
Lemma 2.2 ([15]
). Let C be a nonempty closed and convex subset of H. Let T be a mapping of C into itself and let P C be the metric projection of H onto C. Assume that 15]). Let C be a nonempty subset of H and let T be a mapping of C to H. Then, A(T ) is closed and convex subset of H.
Lemma 2.4 ([15]
). Let C be a nonempty subset of H and let T be a mapping of C to H. Then,
Kondo and Takahashi [8] proved the following results. 8]). Let C be a nonempty subset of H and let T be a normally 2-generalized hybrid mapping of C into itself. Then, the following are equivalent.
(i) for any x ∈ C, {T n x} is a bounded sequence in C, (ii) there exists z ∈ C such that {T n z} is a bounded sequence in C, (iii) A(T ) = / 0;
ABSOLUTE FIXED POINTS
In this section, using the concepts of attractive points, we establish the existence of absolute fixed points of normally 2-generalized hybrid mappings (see also [10, 11, 12] ). The concept of absolute fixed points was introduced by Djafari Rouhani [10] (see also [11, 12] ).
Let C be a nonempty subset of H and let T be a normally 2-generalized hybrid mapping of C into itself. A point p ∈ H is said to be an absolute fixed point of T if there exists a normally 2-generalized hybrid extension S of T from C ∪ {p} to C ∪ {p} such that Sp = p, and if p is a fixed point of every normally 2-generalized hybrid extension of T to the union of C and a subset of H containing p.
Kondo and Takahashi [8] proved the following nonlinear ergodic theorem of Baillon's type ( [3] ) (see also [2, 3] ). 8]). Let C be a nonempty subset of H and let T be a normally 2-generalized hybrid mapping of C into itself. Assume that {T n z} is bounded for some z ∈ D. Let P A(T ) be the metric projection of H onto A(T ). Then, for each x ∈ C, 1 n ∑ n−1 k=1 T k x converges weakly to u ∈ A(T ), where u = lim n→∞ P A(T ) T n x.
By Theorem 3.1, we have the following. Proof. We write
Then,
for each i ∈ Z + . By (3.1), we have
Furthermore, summing up the above inequality with respect to i = 0, . . . n − 1, we obtain
Dividing by n, we have
Taking the limit as n → ∞, we have
Since
we obtain Su − u ≤ 0 and hence Su = u.
Adding that C is closed and convex, we can obtain the following fixed point theorem ( [8] ) by Theorem 3.2 (see also [8, 12, 15] ). Theorem 3.3. Let C be a nonempty closed and convex subset H and let T be a normally 2-generalized hybrid mapping of C into itself. Assume that {T n z} is bounded for some z ∈ C. Then, F(T ) = / 0.
We give a sufficient condition for a normally 2-generalized hybrid mapping of C into itself with a bounded orbit to have a normally 2-generalized hybrid extension to C ∪{u}, where u=wlim n→∞
Lemma 3.1. Let C be a nonempty subset H and let T be an (α 0 , β 0 , α 1 , β 1 , α 2 , β 2 )-normally 2-generalized hybrid mapping of C into itself. Assume that {T n z} is bounded for some z ∈ C. Let x ∈ C. Let
Then, the mapping S : C ∪ {u} → C ∪ {u} defined by Sz = T z for all z ∈ C, and Su = u is an (α 0 , β 0 , α 1 , β 1 , α 2 , β 2 ) -normally 2-generalized hybrid mapping of C ∪ {u} into itself, if either α 2 + β 2 ≥ 0, α 1 + β 1 ≥ 0 and ∑ 2 n=0 (α n + β n ) = 0, or α 2 + β 2 < 0, α 1 + β 1 < 0, ∑ 2 n=0 (α n + β n ) = 0 and the orbit {T k y} of every y ∈ C lies on the sphere centered at y, with the radius y − u .
Proof. S is an (α 0 , β 0 , α 1 , β 1 , α 2 , β 2 ) -normally 2-generalized hybrid mapping of C ∪ {u} into itself if and only if the following inequality holds:
for each y ∈ C. These inequalities are equivalent to
for each y ∈ C. By Proposition 3.1, we obtain that inequality (α n + β n ) = 0, or α 2 + β 2 < 0, α 1 + β 1 < 0, ∑ 2 n=0 (α n + β n ) = 0 and the orbit {T k y} of every y ∈ C lies on the sphere centered at y, with the radius y − c .
FIXED POINT THEOREMS
In this section, motivated by [11, 12] , we prove some fixed point theorems for normally 2-generalized hybrid mappings defined on nonconvex domains in H.
Let C be a nonempty subset of H. We say that C is Chebyshev with respect to its convex closure, if, for any y ∈ coC, there is a unique q ∈ C such that y − q = inf{ y − z : z ∈ C} (see [11, 12] ).
Theorem 4.1. Let C be a nonempty subset of H and let T be a normally 2-generalized hybrid mapping of C into itself. Then, T has a fixed point in C if and only if {T n x} is bounded for some x ∈ C, and for any y ∈ co {T n x : n ∈ Z + }, there is a unique p ∈ C such that y − p = inf{ y − z : z ∈ C}.
Proof. The necessity is obvious. So, we prove the sufficiency only. Assume that {T n x} is bounded for some x ∈ C. Let
Since u ∈ co {T n x : n ∈ Z + }, by the assumption, there exists a unique point p ∈ C such that
Since u ∈ A(T ), we have
The uniqueness of p implies that T p = p.
As a directed consequence of Theorem 4.1, we obtain the following theorem. If T is a normally 2-generalized hybrid mapping of C into itself, then {T n x} is a normally 2-generalized hybrid sequence in the sense of [2] . Let {x n } = {T n x}. Then, we obtain the following weak convergence theorems for normally 2-generalized hybrid mappings by [2] (see also [11, 12] ). Moreover, in this case v = lim n→∞ P F 1 x n ∈ A(T ), where P F 1 is the metric projection of H onto F 1 .
Adding that C is closed and convex in Theorem 4.3, we can obtain the following theorem (see [2, 15] ). Theorem 4.4. Let C be a nonempty closed and convex subset H and let T be a normally 2-generalized hybrid mapping of C into itself. Suppose that T is weakly asymptotically regular, i.e., T n+1 − T n x 0
for each x ∈ C. Then, the following are equivalent. Moreover, in this case v = lim n→∞ P F 1 T n x ∈ A(T ), where P F 1 is the metric projection of H onto F 1 .
